Published by Institute of Physics Publishing for SISSA/ISAS Received: June 12, 2003 Accepted: July 15, 2003

Exact conserved quantities on the cylinder I: conformal case

Davide Fioravanti

Department of Mathematical Sciences South Road, Durham DH1 3LE, England, UK E-mail: Davide.Fioravanti@durham.ac.uk

Marco Rossi

Department of Mathematics, Heriot-Watt University Edinburgh EH14 4AS, Scotland, UK E-mail: M.Rossi@ma.hw.ac.uk

Abstract: The nonlinear integral equations describing the spectra of the left and right (continuous) quantum KdV equations on the cylinder are derived from integrable lattice field theories, which turn out to allow the Bethe Ansatz equations of a twisted “spin −1/2” chain. A very useful mapping to the more common nonlinear integral equation of the twisted continuous spin +1/2 chain is found. The diagonalization of the transfer matrix is performed. The vacua sector is analysed in detail detecting the primary states of the minimal conformal models and giving integral expressions for the eigenvalues of the transfer matrix. Contact with the seminal papers [1, 2] by Bazhanov, Lukyanov and Zamolodchikov is realised. General expressions for the eigenvalues of the infinite-dimensional abelian algebra of local integrals of motion are given and explicitly calculated at the free fermion point.

Keywords: Conformal and W Symmetry, Integrable Field Theories, Bethe Ansatz.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep072003031 /jhep072003031 .pdf

Contents

1. Introduction 1

2. Quantum lattice (m)KdV theory 3

3. The nonlinear integral equation for the vacua sector 5

4. Finite size correction to the energy of the vacuum 10

5. Continuous limit of the eigenvalues of the transfer matrix 12 5.1 Asymptotic behaviour 16 5.2 Limit ω̃ → +∞ 20 5.3 The case β^2 = 1/2 24

6. Summary and conclusions 27

1. Introduction

An integrable system in 1 + 1 dimensions is characterized by the existence of a number of integrals of motion in involution equal to the number of degrees of freedom. Consequently, the exact computation (of the eigenvalues) of these commuting observables is a very important problem. In this respect, an important and widely used method goes through (an integrable discretisation of the model and) the diagonalization of the discrete integrals of motion by a Bethe Ansatz technique. At the end one is left with the problem of finding the continuous limit of the eigenvalues of the (discretised) theory. In order to achieve this goal, a powerful analytic method was introduced by Destri and de Vega for the periodic sine-Gordon theory on a cylinder [3]. Although we will follow the way depicted in [3], we want to mention that similar results were first obtained by [4] in the case of the critical behaviour of the 6- and 19-vertex models by using a different technique. We do prefer to use the procedure of Destri and de Vega since it has been successfully applied to the calculation of ground state energy [5] and first excited states energies [6] of sine-Gordon model, being our aim in the second paper the treatment of massive perturbation of Conformal Field Theories (cfr. [7] as review paper on the subject).

In the paper [8] we have formulated a generalisation of the Algebraic Bethe Ansatz to diagonalise the transfer matrices of two lattice models, obtained after discretisation (on a space lattice) of two — left and right — quantum (m)KdV equations. The lattice formulation of one lattice (m)KdV was already performed by Kundu [9], stressing the necessity

– 1 – of modifying the usual Yang-Baxter relation to take into account the non-ultralocality of the theory. The integrability structure was found in a braided version of the Yang-Baxter relation, which has been also attracting mathematical interest [10] in itself. Afterwards, we have found the Bethe equations, which may be thought of as those of a “spin −1/2” (“wrong” sign) XXZ chain with a twist. The origin of the twist in the framework of [8] is in some sense dynamical, i.e. automatically generated by the theory and depending on the number of Bethe roots, almost like in [11] and unlike in [6]. It is also worth mentioning that a space and time discretisation of the KdV was proposed in [12] and analysed by using the Baxter T Q−system approach [13]: these discrete-discrete integrable systems are indeed important also for their continuous parents [14].

In this article we address the problem of writing nonlinear integral equations governing the spectrum of the left and right (continuous) quantum (m)KdV theories. In other words, the eigenvalues of the transfer matrix — which encodes all the local and nonlocal conserved charges — are expressed as nonlinear functionals of the solutions of the aforementioned nonlinear integral equations. Besides the importance in Statistical Field Theory, they can be also interpreted as explicit expressions for spectral determinants of PT - symmetric spectral problems [15, 16]. This procedure will eventually give the eigenvalues of the local integrals of motion of the quantum KdV theory. After [17], it became well known that these local integrals of motion represent one series of local commuting charges of conformal field theories without extended symmetries [18, 19] (cfr. [8, 1, 20] for details concerning the matrix Lax formulation). In addition, this series is exactly that which is still conserved, after suitable modification, if the conformal field theory is perturbed by its Φ_{(1,3)} operator. Actually, applying the investigations of the present paper and of [8] to the setup elaborated in [19] about the A^{(2)}_2 KdV theory, it is only a matter of calculations to extend the subsequent results to the only other series [18], characterising the only other integrable perturbations. The very intriguing feature of the conformal formulation in terms of integrable hierarchies is that the conformal monodromy matrix already contains the perturbing field and the screening operator [19]. A similar discretisation should be also allowed in conformal field theories with extended symmetry algebra (e.g. for W algebras it is of basic importance the setting of [21]; cfr. [22] for development in a peculiar case).

We remark that similar results have been obtained in pioneering works [1, 2] by Bazhanov, Lukyanov and Zamolodchikov from a different starting point and via a different approach. They define directly in the continuous field theory the transfer matrix as an operator series acting on Virasoro modules (for 0 < β^2 < 1/2). On the other hand, we intend to create a bridge between conformal field theories and the powerful algebraic Bethe Ansatz formulation of lattice KdV [8, 9] — based on this interesting generalisation of the Yang-Baxter algebra —, showing that the continuum field theory limit can be recovered in the braided case as well. As particular consequence, in the second paper we will be able to formulate the Φ_{(1,3)} perturbation of conformal field theory within the same framework of [8] by merging two KdV theories. In any case, the monodromy matrix of [1, 2] is different from the naïve continuous limit [8] of our monodromy matrices, which, unlike in [1, 2], are not solutions of the usual Yang-Baxter equation.

– 2 –

In section 2 we summarise the main results on (m)KdV theories obtained in [8]. In section 3, starting from the Bethe equations of [8], we write the nonlinear integral equation for each vacuum of the left and right quantum KdV equations. In section 4 we use this equation to calculate up to quadratures the energy of the vacua. In section 5 we apply the nonlinear integral equation to find exact expressions for the continuous limit of the vacuum eigenvalues of the transfer matrix. From the asymptotic expansion of these eigenvalues we obtain the local abelian charges, mentioned before as characterising the Φ_{(1,3)} perturbation. In addition, we have solved exactly the theory in two cases: at the free fermion point β^2 = 1/2 and in the limit of infinite twist (ω̃ → +∞). Some results are also compared with results and conjectures in [1, 2]. In section 6 we summarise our work describing also possible further applications.

2. Quantum lattice (m)KdV theory

In a previous paper [8] we considered the left and right mKdV equation, respectively

∂_τ v = 3 2 v^2v^′ + 1 4 v^{′′′} , ∂_{τ̄} v̄ = 3 2 v̄^2v̄^′ + 1 4 v̄^{′′′} , (2.1)

for the fields v ≡ −φ^′ and v̄ ≡ −φ̄^′, defined as spatial derivatives of quasi-periodic Darboux fields φ, φ̄ in the interval y, ȳ ∈ [ 0 , R ]. The quantizations of the Darboux fields are the Feigin-Fuks bosons ϕ, ϕ̄ [23], which satisfy the commutation relations

[ϕ(y) , ϕ(y^′)] = − iπβ^2 2 s ( y − y^′ R ) , [ϕ̄(ȳ) , ϕ̄(ȳ^′)] = iπβ^2 2 s ( ȳ − ȳ^′ R ) , (2.2)

where 0 < β^2 < 1 and s(z) is the quasi-periodic extension of the sign function:

s(z) = 2n + 1 , n < z < n + 1 s(n) = 2n , n ∈ Z .

In terms of a discretisation of the Feigin-Fuks bosons, ϕ_m ≡ ϕ ( m^R_{2N} ) , ϕ̄_m ≡ ϕ̄ ( m^R_{2N} ) , we defined the N-periodic operators V^±_m living on a N-site lattice with spacing Δ and length R = NΔ: V^−_m ≡ 1 2 [ (ϕ_{2m−1} − ϕ_{2m+1}) + (ϕ_{2m−2} − ϕ_{2m}) − (ϕ̄_{2m−1} − ϕ̄_{2m+1}) + (ϕ̄_{2m−2} − ϕ̄_{2m}) ] (2.3)

V^+_m ≡ 1 2 [ (ϕ̄_{2m−1} − ϕ̄_{2m+1}) + (ϕ̄_{2m−2} − ϕ̄_{2m}) − (ϕ_{2m−1} − ϕ_{2m+1}) + (ϕ_{2m−2} − ϕ_{2m}) ] . (2.4)

These operators are the quantum counterparts of the discretisation of the mKdV variables v and v̄ (2.1) and satisfy the non-ultralocal commutation relations, first introduced in [9],

[V^+_m , V^+_n ] = iπβ^2 2 (δ_{m−1,n} − δ_{m,n−1}) , [V^−_m , V^−_n ] = − iπβ^2 2 (δ_{m−1,n} − δ_{m,n−1}) , [V^+_m , V^−_n ] = − iπβ^2 2 (δ_{m−1,n} − 2δ_{m,n} + δ_{m,n−1}) . (2.5)

– 3 –

In terms of V^±_m we now define (adopting a different normalisation with respect to [8]) the left and right conformal monodromy matrices

M(α) = e^{iπβ22} L_N (α) · · · L_1(α) , (2.6) M̄(α) = e^{− iπβ2}_2 L̄_N (α) · · · L̄_1(α) , (2.7)

where left Lax operators L_m(α) and right Lax operators L̄_m(α) are given by L_m(α) ≡ e^{− iπβ24} ( e^{−iV −m} Δe^αe^{iV +m} Δe^αe^{−iV +m} e^{iV −m} ) , L̄_m(α) ≡ e^{iπβ24} ( e^{−iV +m} Δe^{−α}e^{iV −m} Δe^{−α}e^{−iV −m} e^{iV +m} ) . (2.8) As a consequence of non-ultralocal relations (2.5), monodromy matrices (2.6), (2.7) satisfy braided Yang-Baxter relations (see, for instance, relation (4.4) of [8]), first introduced in [9] and [10]. The commuting transfer matrices associated to them generate, restoring the continuum, one series of local commuting charges of, respectively, left and right conformal field theories.

Despite the complication coming from the presence of a braided Yang-Baxter relation, we have derived in [8] the Bethe equations for the monodromy matrices (2.6, 2.7). They read: l∏ r=1 r≠s sinh(α_s − α_r + iπβ^2) sinh(α_s − α_r − iπβ^2) = sinh ( α_s −^{iπβ2}_2 − ε ln^R_N ) sinh ( α_s +^{iπβ2}_2 − ε ln^R_N ) N/2 e^{εiπβ2}(^{N2 +2l}). (2.9)

The equations may be formally interpreted as being those of a twisted “spin −1/2” XXZ chain, for a sign is the only difference with respect to the usual twisted spin +1/2 chain equations. Indeed, l is the number of the Bethe roots and the parameter ε is equal to −1 for the left conformal case (monodromy matrix (2.6)) and to +1 for the right conformal case (monodromy matrix (2.7)). The connection with notations used in formulæ [8, (6.35), (6.47)] is given by q = e^{−iπβ2} and λ_r = e^{αr} .

In the same paper [8] we wrote also the eigenvalues of the left and right lattice transfer matrices on the Bethe states. Using the same notations as in (2.9) such eigenvalues read

Λ_N (α) = Λ^+_N (α) + Λ^−_N (α) , (2.10)

where Λ^±_N (α) = e^{∓εiπβ2l} l∏ r=1 sinh(α − α_r ± iπβ^2) sinh(α − α_r) ρ^±_N (α) (2.11) and ρ^±_N (α) = e^{∓ε iπβ2N4} ( 2R N e^{−εα} )_{N/2} sinh ( εα ± ε iπβ^2 2 − ln R N )_{N/2} . (2.12)

In this paper we will perform the continuous limit of these quantum lattice (m)KdV theories, with the aim of studying quantum (m)KdV theories.

– 4 –

3. The nonlinear integral equation for the vacua sector

We want to write a nonlinear integral equation equivalent to Bethe equations (2.9) for the particular solution minimising the energy (the vacuum). We introduce the analytic function in the strip | Im x| < min {ζ, π − ζ} , 0 ≤ ζ < π (ln is taken in the fundamental branch) ϕ(x, ζ) ≡ i ln sinh(iζ + x) sinh(iζ − x) , (3.1)

to define, when N ∈ 4N, the counting function, Z_N (x) ≡ N 2 ϕ ( x − ε ln R N , π 2 β^2 ) + l∑ r=1 ϕ(x − α_r, πβ^2) + 2πβ^2ε ( l + N 4 ) , (3.2)

in terms of which the Bethe equations (2.9) have the logarithmic form

Z_N (α_s) = π(2I_s − l − 1) , I_s ∈ Z . (3.3)

First of all, we are interested in the vacuum solutions of the Bethe equations: all the α_s are real and Z_N (α_s) are equal to all the numbers of the form (3.3) between Z_N (−∞) and Z_N (+∞), i.e. there are no holes (cfr. sub-section 5.2 for further details). It follows from the definition (3.2) that these two extremes are given by Z_N (±∞) = ± N 2 (π − πβ^2) ± l(π − 2πβ^2) + 2πβ^2ε ( l + N 4 ) . (3.4)

This solution minimises, for the range of values of β^2 1 3 < β^2 < 2 3 , (3.5)

the left (ε = −1) and right (ε = 1) hamiltonian eigenvalues, defined as logarithmic derivatives of the transfer matrix eigenvalues, respectively H_ε({α_r}, R, N) = − Δε 2 sin πβ^2 [ e^{−2εα} ∂ ∂α G^−_N (α) | | |_{α=ε ln}^R_{N −}^{iπβ2}_2 + + e^{−2εα} ∂ ∂α G^+_N (α) | | |_{α=ε ln}^R_{N +}^{iπβ2}_2 ] , (3.6)

where G^±_N (α) = ln[ρ^±_N (α)^{−1}Λ_N (α)] . (3.7)

On the other hand, the vacuum solution is known to minimise in the region (3.5) the lattice sine-Gordon hamiltonian eigenvalues H_{LSG}({α_r}, R, N) [24]; left and right hamiltonians eigenvalues (3.6) can be regarded as the conformal limit of H: H_ε({α_r}, R, N) = lim_{Θ→+∞} H_{LSG} ({ α_r − εΘ − ε ln R N } , R, N ) . (3.8)

– 5 –

Supposing β^2 in the region (3.5), we now want to write a nonlinear integral equation for the vacuum counting function in the continuous limit:

N → +∞ , R fixed . (3.9)

Besides, this limit means, because of (3.4), that also l → +∞ and therefore, even if we put

β^2 = p p^′ , (3.10)

with p < p^′ coprimes, it turns out to be ill-defined on the exponential factor of (2.9). Therefore, we slightly modify the method in [11] and we need to consider different ways for l to go to ∞ according to the sub-sequences

l = np^′ + κ , 0 ≤ κ ≤ p^′ − 1 , (3.11)

where n → +∞ and κ is kept fixed. The utility of this limit procedure is that we can redefine the counting function (3.2) up to suitable multiples of 2π to obtain

Z_N (x) = N 2 ϕ ( x − ε ln R N , π 2 β^2 ) + l∑ r=1 ϕ ( x − α_r, πβ^2 ) + 2π N 4 ε ( β^2 − 1 ) + 2πεω , (3.12)

where ω is finite in the continuous limit (the double braces denote the fractional part): ω = {{ pκ p^′ }} . (3.13)

The presence of the constant divergent term in definition (3.12) will be made clear in the following.

Now, we can use standard techniques (see [3, 5, 6]) to rewrite a sum over real Bethe roots of a function f_N with no poles on the real axis as follows:^1 l∑ r=1 f_N (α_r) = − ∫_{+∞} −∞ dx 2π f^′_N (x)Z_N (x) + 2 ∫_{+∞} −∞ dx 2π f^′_N (x) Im ln [ 1 + e^{iZN (x+i0)} ] . (3.14)

The use of (3.14) in (3.12) gives

Z_N (x) = N 2 ϕ ( x−ε ln R N , π 2 β^2 ) +2π N 4 ε ( β^2 −1 ) +2πεω+ ∫_{+∞} −∞ dy 2π ϕ^′(x − y, πβ^2)Z_N (y) − − 2 ∫_{+∞} −∞ dy 2π ϕ^′(x − y, πβ^2) Im ln [ 1 + e^{iZN (y+i0)} ] . (3.15)

After defining: K(x) ≡ 1 2π ϕ^′ ( x, πβ^2 ) , Φ(x) ≡ ϕ ( x, π 2 β^2 ) , L_N (x) ≡ Im ln [ 1 + e^{iZN (x+i0)} ] , (3.16)

1We are fixing l to be even in the following (i.e. e^{iZN (αs)} = −1), as the case l odd can be treated along the same lines and in the end does not add new information.

– 6 – the Fourier transform of relation (3.15) is

Ẑ_N (k) = N 2 Φ̂(k)e^{−iεk ln R}_N 1 − K̂(k) −2 K̂(k) 1 − K̂(k) L̂_N (k)+4π^2ε [ ω + N 4 ( β^2 − 1 ) ] δ(k) 1 − K̂(k) , (3.17)

where we have used the notation: f̂(k) ≡ ∫_{+∞} −∞ dxe^{−ikx}f(x) . (3.18) Explicitly, the Fourier transforms of the first two functions in (3.16) are:

Φ̂(k) = 2π ik sinh k (_π 2 −^π_2 β^2 ) sinh^π_2 k , K̂(k) = sinh k (_π 2 − πβ^2 ) sinh^π_2 k

. (3.19)

With the definitions γ ≡ π(1−β^2) , Ĝ(k) ≡ − K̂(k) 1 − K̂(k) = sinh k (_π 2 − γ ) 2 cosh k^γ_2 sinh k (_π 2 −^γ_2 ) , ω̃ = π β^2 ω , (3.20)

equation (3.17) can be written in the following way:

Ẑ_N (k) = N 2 Φ̂(k)e^{−iεk ln R}_N 1 − K̂(k) + 2Ĝ(k)L̂_N (k) + 2πε [ ω̃ + N 4 π ( 1 − 1 β^2 )] δ(k) . (3.21)

We now want to Fourier antitransform and to perform the continuous limit. Therefore, it is necessary to work out in such a limit the behaviour of the N-dependent term F_N (x) ≡ ∫_{+∞} −∞ dk 2π e^{ikx} ( N 2 Φ̂(k)e^{−iεk ln R}_N 1 − K̂(k) )

= πN 2i ∫_{+∞} −∞ dk 2πk e^{ik}(^{x−ε ln RN} ) sinh k (_π 2 −^π_2 β^2 ) sinh k^π_2 β^2 cosh k (_π 2 −^π_2 β^2

). (3.22)

This expression obviously diverges in the continuous limit. To define a finite counting function in such a limit we perform a N-dependent shift Λ_N in x and define the conformal counting function Z(x) as Z(x) ≡ lim_{N→+∞} NΔ=R Z_N (x + Λ_N ) . (3.23)

We have to choose Λ_N in such a way that

F_N (x + Λ_N ) = πN 2i ∫_{+∞} −∞ dk 2πk e^{ik}(^{x−ε ln RN +ΛN} ) sinh k (_π 2 −^π_2 β^2 ) sinh k^π_2 β^2 cosh k (_π 2 −^π_2 β^2

) (3.24)

is finite in the continuous limit. A convenient way to evaluate (3.24) is the residues method. The poles of the integrand lie at k = 0 and on the imaginary axis. Since we are in the region (3.5), the poles on the imaginary axis with smaller modulus are at k = ±iπ/γ. We choose Λ_N as follows −ε ln R N + Λ_N = χ γ π ln [ A N sin πβ^2 2(1 − β^2) ] , (3.25)

where χ can be equal to ±1 and A is an arbitrary positive constant which reflects the translation invariance in x of conformal field theories.

– 7 –

If χ = −1, then in the continuous limit −ε ln^R_N + Λ_N → +∞: hence, to evaluate the integral for fixed x we can choose a contour closing in the upper k-complex half-plane and containing a small semicircle surrounding the pole at k = 0. Since the contribution from the imaginary poles are damped by the exponential factor containing Λ_N , the leading term is given by the residue at the pole with smallest modulus, i.e. k = iπ/γ, minus the contribution of the semicircle around k = 0:

N → +∞ , F_N (x + Λ_N ) = −Ne^{− πγ x}e^{ln AN} + N 4 π ( 1 β^2 − 1 ) + o(N^0) , (3.26)

where o(z) means “order less than z”.

If χ = 1, then in the continuous limit −ε ln^R_N + Λ_N → −∞ and we consider a contour closing in the lower k-complex half-plane and containing a small semicircle surrounding the pole at k = 0. As before, we take into account only the contribution from the residue at the pole with smallest modulus, k = −iπ/γ, and we subtract the contribution from the semicircle around k = 0:

N → +∞ , F_N (x + Λ_N ) = Ne^{πγ x}e^{ln AN} − N 4 π ( 1 β^2 − 1 ) + o(N^0) . (3.27)

Collecting these formulas we get N → +∞ , F_N (x + Λ_N ) = Aχe^{χ πγ x} − χ N 4 π ( 1 β^2 − 1 ) + o(N^0) . (3.28)

We now make the choice χ = −ε , (3.29)

and insert (3.28) in the continuous limit of the Fourier antitransform of (3.21) shifted by Λ_N . The constant divergent term disappears and we obtain for the conformal counting function (3.23) the following equation: Z(x) = −Aεe^{−ε πγ x} + 2 ∫_{+∞} −∞ dy G(x − y) Im ln [ 1 + e^{iZ(y+i0)} ] + εω̃ , (3.30)

where G(x) is the Fourier antitrasform of Ĝ(k) (3.20) G(x) = ∫_{+∞} −∞ dk 2π e^{ikx} sinh k (_π 2 − γ ) 2 cosh k^γ_2 sinh k (_π 2 −^γ_2

). (3.31)

Remark 1. In writing (3.17) we have paid the necessary attention to the zero modes. Besides, we could more correctly derive equation (3.30) working out our calculations on the derivative of Z(x) [25], but we think that this derivation is simpler, once all the subtleties are under control.

Remark 2. Although equation (3.30) has been found for 1/3 < β^2 < 2/3, yet it can be considered without problems in the whole region 0 < β^2 < 1, defining in such way, by analytic continuation, a state in the continuous limit which minimises the energy.

– 8 –

Remark 3. In fact, equation (3.30) coincides with the nonlinear integral equation for the spin +1/2 XXZ chain which shows Bethe equations (2.9) with the l.h.s. inversed and β^2 =^γ_π . Hence, the mapping β^2 → 1 − β^2 relates the twisted spin +1/2 and spin −1/2 XXZ chains. This connection between spin +1/2 and spin −1/2 XXZ chains was already conjectured in [11], but only in the case of infinite volume.

Remark 4. When ε = −1, we can make contact with Bazhanov, Lukyanov and Zamolodchikov’s paper [2]. Indeed, equation (3.30) coincides with equation (3.8) of [2], derived for 0 < β^2 < 1/2, if we choose A = 2M cos^{πβ2}_{2(1−β2 )} , where

M = Γ (_{β2} 2−2β^2 ) Γ (_{1−2β2} 2−2β^2 ) √ π Γ(1 − β^2)^{11−β2} , (3.32)

and if we identify p of [2] with ω/2. Such an A is positive, as it has to be, in the whole region 0 < β^2 < 1. Therefore, in spite of the differences highlighted in the Introduction, (3.30) with this choice of A can be regarded as an extension of (3.8) of [2] to the domain 0 < β^2 < 1.

Equation (3.30) is the nonlinear integral equation describing the ω̃-vacuum of the continuous theory. Its counting function solution allows us to evaluate the infinite continuous limit of a sum over the Bethe roots of the ω̃-vacuum resetting formula (3.14) as lim N→+∞ NΔ=R l∑ r=1 f_N (α_r) = − ∫_{+∞} −∞ dx 2π f^′(x)Z(x) + 2 ∫_{+∞} −∞ dx 2π f^′(x) Im ln [ 1 + e^{iZ(x+i0)} ] , (3.33)

where we have defined the continuous limit f(x) ≡ lim_{N→+∞} NΔ=R f_N (x + Λ_N ) . (3.34)

Relation (3.33) contains two different contributions; we will call them, for the sake of brevity, the bulk term and the finite size correction term. They can be identified inserting in the first term of the r.h.s of (3.33) the expression for Z(x) coming from (3.30): lim N→+∞ NΔ=R l∑ r=1 f_N (α_r) = 2 ∫_{+∞} −∞ dx 2π f^′(x) Im ln [ 1 + e^{iZ(x+i0)} ] + ∫_{+∞} −∞ dx 2π f^′(x) × (3.35)

× { Aεe^{−ε πγ x} − 2 ∫_{+∞} −∞ dy G(x − y) Im ln [ 1 + e^{iZ(y+i0)} ] − εω̃ } . We can arrange this expression lim N→+∞ NΔ=R l∑ r=1 f_N (α_r) = f_b + 2 ∫_{+∞} −∞ dx 2π f^′(x) ∫_{+∞} −∞ dy[δ(x − y) − G(x − y)] Im ln [ 1 + e^{iZ(y+i0)} ] , (3.36) where f_b indicates the bulk term

f_b = ∫_{+∞} −∞ dx 2π f^′(x) [ Aεe^{−ε πγ x} − εω̃ ] , (3.37)

– 9 – and the other term gives usually the finite size correction. It is useful to write these terms using the Fourier transform of f, defined in (3.18):

lim N→+∞ NΔ=R l∑ r=1 f_N (α_r) = f_b + ∫_{+∞} −∞ dx π J_f (x) Im ln [ 1 + e^{iZ(x+i0)} ] , (3.38)

where

J_f (x) = ∫_{+∞} −∞ dk 2π e^{ikx}ikĴ(k)f̂ (k) , Ĵ(k) = sinh k^π_2 2 cosh k^γ_2 sinh k (π/2 − γ/2)

. (3.39)

In the next two sections we will evaluate the bulk term and the finite size correction term of the conformal hamiltonian and of the eigenvalues of the transfer matrix, both in the left (chiral) and in the right (antichiral) case.

4. Finite size correction to the energy of the vacuum

The aim of this section is to extract, from the finite size correction to the vacuum energy, the conformal charge of the theory and the conformal weight, characteristic of the ω̃-vacuum.

Let us start by writing the energy (3.6) of a Bethe state:

H_ε({α_r}, R, N) = l∑ r=1 h_ε(α_r, R, N) , where

h_ε(x, R, N) = εΔ^ε 2Δ sin πβ^2 { e^{−iπβ} 2(^3_2 −ε)−x

sinh ( x − ε ln^R_N +^{3iπβ2}_2 ) − e^{−iπβ2( 1}2^{−ε)−x} sinh ( x − ε ln^R_N +^{iπβ2}_2 ) +

+ [ β^2 → −β^2 ] } . (4.1)

In the expression - see (3.38) and (3.39) - for the finite size correction of the energy what enters is the Fourier transform of (4.1). Explicitly we have, using [26]: ikĥ_ε(k, R, N) = 2επk e^{−ikε ln R}N Δ sin πβ^2 sin^{πkβ2}_2 sin^{πk}_2 sinh ( πkβ^2 − πk 2 − εiπβ^2 ) . (4.2)

Therefore, the quantity J_h(x) (3.39) in this case is given by:

J_h(x) = lim_{N→+∞} ∫_{+∞} −∞ dk 2π e^{ik} { x−(1−β^2)ε ln [_A N sin^{πβ2}

2(1−β2) ]} Nεπk sinh ( πkβ^2 −^{πk}_2 − εiπβ^2 ) R sin πβ^2 cosh k^γ_2 . This integral can be evaluated using the residue method. Since we are going to the limit N → +∞, we close the contour of integration in the upper k-complex half-plane if ε = 1 and in the lower k-complex half-plane if ε = −1. In both cases the only non-vanishing

– 10 – contribution in the continuous limit is given by the pole with smallest modulus, i.e. that at k = iεπ/γ, and hence turns out to be

J_h(x) = − 2A R sin^{πβ2}_{2(1−β2 )} sin ( ε^π_2^{2β4−1}_{1−β2} ) (1 − β^2)^2 sin πβ^2 e^{−ε πγ x} . (4.3) Let us indicate by E_{ω̃}(R) the finite size correction to the energy of the ω̃-vacuum, defined as the second term of the r.h.s. of (3.38) with J_h given by (4.3). The effective central charge is proportional to the R-independent quantity

− 6RE_{ω̃}(R) π = 12A π sin^{πβ2}_{2(1−β2 )} sin ( ε^π_2^{2β4−1}_{1−β2} ) (1 − β^2)^2 sin πβ^2 ∫_{+∞} −∞ dx π e^{−ε πγ x} Im ln [ 1 + e^{iZ(x+i0)} ] . (4.4)

As well explored [3]–[6], the integral in (4.4) can be computed using a derivative lemma, yielding the effective central charge

c_{eff} = ( 1 − 6β^2ω̃^2 π^2 ) . (4.5)

Now we can identify the (conformal field) theory, i.e. the central charge c(β^2) independent on the twist ω̃, and the conformal weight of the Bethe state h reinterpreting (4.5) as [27]

c_{eff} = c − 24h , (4.6)

where c = 13 − 6 ( β^2 + 1 β^2 ) (4.7) and h = β^2ω̃^2 4π^2 + c − 1 24 = ω^2 4β^2 + c − 1 24 . (4.8)

Nevertheless, if we want to implement constraint (3.13), ω can take only the values: ω = s p^′ , 0 ≤ s ≤ p^′ − 1 . (4.9)

Therefore, inserting (4.9) in (4.5) we get the effective central charge for fixed β^2 = p/p^′:

c_{eff} = ( 1 − 6s^2 pp^′ ) . (4.10)

In the particular case of minimal unitary models, p^′ = p + 1, the effective central charge reads c_{eff} = ( 1 − 6s^2 p(p + 1) ) , 0 ≤ s ≤ p . (4.11)

These values of c_{eff} identify all primary states of minimal unitary models which are on the diagonal of the Kac table. Sublimits different from (3.11) may yield other primary states and the entire table should be completed by holes and/or complex Bethe’s roots excitations [28].

– 11 –

5. Continuous limit of the eigenvalues of the transfer matrix

It is surely interesting to use the results of section 3 in order to evaluate the continuous limit of the vacuum eigenvalue of the transfer matrix (2.10), in particular as in this limit the integrals of motion it generates in the asymptotic expansion are connected to the local conserved charges of the aforementioned conformal field theory [1, 2].

Referring for notations to formulæ (2.10)–(2.12), we define

F^+_N (α) ≡ ln Λ^+_N (α) , F^−_N (α) ≡ ln Λ^−_N (α) , (5.1)

and we consider first F^+. From (2.11) and (2.12) we have

F^+_N (α) = l∑ r=1 [ ln sinh(α − α_r + iπβ^2) sinh(α − α_r) − iεπβ^2 ] + + N 2 [ ln sinh ( εα + ε iπβ^2 2 − ln R N ) − ε iπβ^2 2 + ln 2R N − εα ] . (5.2)

We want to evaluate for the vacuum

F^+(α) ≡ lim_{N→+∞} NΔ=R F^+_N (α + Λ_N ) . (5.3)

The last addendum in (5.2) gives a contribution whose continuous limit is zero if 0 < β^2 < 1/2 and infinity if 1/2 < β^2 < 1. However, one can get rid of this divergence by defining F^+(α) for 1/2 < β^2 < 1 as the analytic continuation of the same function for 0 < β^2 < 1/2.

With this regularisation procedure in mind, we will calculate, for 0 < β^2 < 1/2,

F^+(α) = lim_{N→+∞} NΔ=R {_l ∑ r=1 [ ln sinh(α + Λ_N − α_r + iπβ^2) sinh(α + Λ_N − α_r) − iεπβ^2 ]} , (5.4)

and we will release the constraint on β^2. As already pointed out, the constant term in (5.4) has to be treated independently. Its contribution is −iεπβ^2l and, since l is even, we can restrict ourselves to the subsequences in which the integers n and κ, contained in (3.11), are both even. With this restriction, using the relations (3.10), (3.11), the constant term in (5.4) can be written as follows −iεπ p p^′ κ + 2πiZ . (5.5)

The multiples of 2πi can be discarded since the transfer matrix depends only on exp [F^+]. Remembering the definition of the twist (3.13), contribution (5.5) becomes (the double square brackets denote the integer part): −iεπω − iεπ [[ pk p^′ ]] . The integer part gives a factor to exp [F^+] which can be equal to ±1, depending on the choice of κ. For the sake of simplicity we will carry on the calculations supposing that κ

– 12 – is chosen in such a way that this factor is 1: the vacuum eigenvalue of the transfer matrix for the other values of κ differs form the result we will obtain in this section by a global factor −1 and hence its treatment is redundant. Therefore, without losing generality, we can conclude that the constant term in (5.4) gives a contribution to F^+ which is equal, up to multiples of 2πi, to −iεπω.

Using this result and (3.38) for dealing with (5.4), we obtain

F^+(α) = f^+_b (α) + ∫_{+∞} −∞ dx π [∫ +∞ −∞ dk 2π e^{ikx}ikf̂^+(k, α)Ĵ (k) ] Im ln [ 1 + e^{iZ(x+i0)} ] − iεπω , (5.6) where f^+_b is a bulk contribution, Ĵ(k) is given by (3.39) and

f^+(x, α) = ln sinh ( α − x + iπβ^2 ) sinh(α − x)

. (5.7)

After defining y = α − i γ 2 , (5.8)

we will study F^+(y) = F^+(α) in the two regions:

REGION 1 : − γ 2 < Im y < γ 2 , (5.9)

REGION 2 : γ 2 − π < Im y < − γ 2 . (5.10)

The behaviour of F^+(α) in the other regions of the complex plane can be obtained using the periodicity property, F^+(α + iπ) = F^+(α) , (5.11)

which comes from expression (5.4) for F^+(α).

Let us start with region 1. We remark that, when | Im y| <^γ_2 , f^+(x, α) = −iϕ ( x − y, γ 2 ) , (5.12)

where ϕ is defined in (3.1). From (5.6) it follows that we have to calculate the Fourier transform of the derivative of f^+(x, α) as function of x. From the definition of K(x) — first of the (3.16) — and from its Fourier transform — second of the (3.19) — we obtain: ikf̂^+(k, α) = −2πie^{−iky} sinh k (_π 2 −^γ_2 ) sinh k^π_2

. (5.13)

This result implies that, in this case, J_f + (x, α) (3.39) bears the form (after some simplifications)

J_f + (x − y) = 1 2i ∫_{+∞} −∞ dke^{ik(x−y)} 1 cosh k^γ_2

. (5.14)

This integral is finite if | Im y| < γ/2 and the result is [26]

J_f + (x − y) = π iγ 1 cosh^π_γ (x − y)

. (5.15)

– 13 –

Now, after inserting (5.15) in (5.6), we have

F^+(α) = f^+_b (α) + ∫_{+∞} −∞ dx iγ 1 cosh^π_γ (x − y)

Im ln [ 1 + e^{iZ(x+i0)} ] − iεπω , (5.16) and we need to calculate (3.37)

f^+_b (α) = ∫_{+∞} −∞ dx 2π df^+(x, α) dx [ Aεe^{−ε πγ x} − εω̃ ] . (5.17)

Using (5.12) we arrive, after some manipulations, to the integral

f^+_b (α) = − ∫_{+∞} −∞ dx 2π sinh iπβ^2 cosh ( y − x −^{iπβ2}_2 ) cosh ( y − x +^{iπβ2}_2 ) [ Aεe^{−ε πγ x} − εω̃ ] , (5.18)

which is simple to be explicitly calculated when 0 < β^2 < 1/2:

f^+_b (α) = iεA ctg π^2 2γ e^{−ε πγ y} + iεπω , (5.19) and, instead, diverges if 1/2 < β^2 < 1. However, in the regularisation procedure we chose, we define the limit (5.3) for 1/2 < β^2 < 1 as the analytic continuation of its value for 0 < β^2 < 1/2. Hence, collecting formulæ (5.16) and (5.19), we get

F^+(α) = iεA ctg π^2 2γ e^{−ε πγ y} + ∫_{+∞} −∞ dx iγ 1 cosh^π_γ (x − y)

Im ln [ 1 + e^{iZ(x+i0)} ] , (5.20)

for the whole interval 0 < β^2 < 1 and if | Im y| < γ/2.

Let us now focus on region 2. The evaluation of ikf̂^+(k, α) can be done starting from (5.7) and using [26]: ikf̂^+(k, α) = 2πie^{−ik}(^{y+i π2} ) sinh k^γ_2 sinh k^π_2

. (5.21)

It follows that J_f + (x, α) is now given by the expression

J_f + (x, α) = i 2 ∫_{+∞} −∞ dke^{ik}(^{x−y−i π2} ) sinh k^γ_2 cosh k^γ_2 sinh k (_π 2 −^γ_2

), (5.22)

which, as far as we know, cannot be expressed through simple operations on elementary functions. On the other hand, the evaluation of the bulk term, defined by formula (5.17), can be performed explicitly. With the help of [26] we obtain the following result, valid in region 2 and again for 0 < β^2 < 1/2:

f^+_b (α) = iεA 1 sin^{π2}_{2γ} e^{−ε πγ} (^{y+i π2} ) + iεπω − iεω̃. (5.23) With the regularisation procedure we discussed before, we can extend this result to the whole range of values 0 < β^2 < 1. Putting together (5.22), (5.23) with (5.6), we finally

– 14 – obtain the expression for the value of F^+(α) in the entire interval 0 < β^2 < 1 and in the region 2,^γ_2 − π < Im y < −^γ_2 :

F^+(α) = iεA 1 sin^{π2}_{2γ} e^{−ε πγ} (^{y+i π2} ) − iεω̃ + (5.24)

+ ∫_{+∞} −∞ dx π ∫_{+∞} −∞ dke^{ik}(^{x−y−i π2} ) i sinh k^γ_2 2 cosh k^γ_2 sinh k (_π 2 −^γ_2

) Im ln [ 1 + e^{iZ(x+i0)} ] . This result can be also obtained as analytical continuation of the function (5.20) beyond the singularity of the integral kernel at Im y = −γ/2: in the x-plane the pole crosses the real axis and we need to take it into account through the residue theorem and hence using equation (3.30).

Let us now consider F^−. From (2.11), (2.12) and (5.1) we have that

F^−_N (α) = l∑ r=1 [ ln sinh(α − α_r − iπβ^2) sinh(α − α_r) + iεπβ^2 ] + + N 2 [ ln sinh ( εα − ε iπβ^2 2 − ln R N ) + ln 2R N − εα + ε iπβ^2 2 ] . (5.25)

We want to evaluate (for the vacuum)

F^−(α) ≡ lim_{N→+∞} NΔ=R F^−_N (α + Λ_N ) . (5.26)

Again, we have that the continuous limit of the last addendum in (5.25) is zero if 0 < β^2 < 1/2 and infinity if 1/2 < β^2 < 1. However, according to our regularisation procedure, we define F^− for 1/2 < β^2 < 1 as the analytic continuation of its value for 0 < β^2 < 1/2. Hence, we have

F^−(α) = lim_{N→+∞} NΔ=R {_l ∑ r=1 [ ln sinh(α + Λ_N − α_r − iπβ^2) sinh(α + Λ_N − α_r) + εiπβ^2 ]} . (5.27)

Comparing (5.27) with (5.4), we notice that

F^−(α) = −F^+ ( α − iπβ^2 ) , (5.28)

and this means that the behaviour of F^−(α) in all the complex plane can be obtained from results (5.20), (5.24) and (5.11) for F^+(α). We stress that, because of the periodicity property (5.11), relation (5.28) can be alternatively written as

F^−(α) = −F^+ (α + iγ) . (5.29)

To summarise, we have shown that the vacuum eigenvalue of the transfer matrix,

Λ(α) = exp[F^+(α)] + exp[−F^+(α + iγ)] , (5.30)

can be obtained from relations (5.20), (5.24) and from the periodicity property (5.11).

– 15 –

5.1 Asymptotic behaviour

We now want to extract information on the vacuum eigenvalues of the local conserved charges of conformal field theories. In the classical case (β^2 → 0) these appear [20] as coefficients of the asymptotic expansion of the logarithm of the transfer matrix Λ(α) around the complex λ = e^α = ∞. Likewise to [20] we expect that the local integrals of motion are encoded in F^+(α). But now there are two different asymptotic expansions of F^+(α) following from (5.20) and (5.24) respectively. More explicitly, since Rey → −ε∞ ⇒ 1 cosh^π_γ (x − y)

·= 2 +∞∑ n=0 (−1)^ne^{−ε πγ (x−y)(2n+1)} ,

where the symbol^·= represents asymptotic expansion, from (5.20) we have that, when Rey → −ε∞ in the strip | Im y| <^γ_2 ,

F^+(α)^·= iεA ctg π^2 2γ e^{−ε πγ y} + (5.31) + 2 iγ +∞∑ n=0 (−1)^n e^{ε πγ y(2n+1)} ∫_{+∞} −∞ dx e^{−ε πγ x(2n+1)} Im ln [ 1 + e^{iZ(x+i0)} ] , whereas, from (5.24), it follows that, when Rey → −ε∞ in the strip^γ_2 − π < Im y < −^γ_2 , F^+(α)^·= −iεω̃ + iεA 1 sin^{π2}_{2γ} e^{−ε πγ} (^{y+i π2} ) + (5.32)

+2i +∞∑ n=0 { (−1)^{n+1} γ cos^{π2(2n+1)}_{2γ} e^{ε πγ} (^{y+i π2} )^{(2n+1)} ∫_{+∞} −∞ dx e^{−ε πγ x(2n+1)} ×

× Im ln [ 1 + e^{iZ(x+i0)} ] + (−1)^n tan^{πγ(n+1)}_{π−γ} π − γ e^{ε 2ππ−γ} (^{y+i π2} )^{(n+1)} × × ∫_{+∞} −∞ dx e^{−ε 2ππ−γ x(n+1)} Im ln [ 1 + e^{iZ(x+i0)} ] } . In fact, likewise to [20], our final aim is to expand asymptotically the logarithm of the transfer matrix ln Λ(α) = ln { exp[F^+(α)] + exp[−F^+(α + iγ)] } , (5.33)

for y ∈ C and Rey → −ε∞ , (5.34) with the parameter β^2 restricted to the semiclassical interval

0 < β^2 < 1 2 . (5.35)

We will carry on the asymptotic analysis of ln Λ(α) dividing the one-period strip π 2 β^2 − π < Im y < π 2 β^2 (5.36)

– 16 – in the following domains:

DOMAIN 1 : π 2 β^2 − π < Im y < γ 2 − π , (5.37)

DOMAIN 2 : γ 2 − π < Im y < − γ 2 , (5.38)

DOMAIN 3 : − γ 2 < Im y < π − 3 2 γ , (5.39)

DOMAIN 4 : π − 3 2 γ < Im y < π 2 β^2 . (5.40)

Let us start from domain 1. The expansion of F^+(α) is given by (5.31) with y → y+iπ, thanks to the periodicity (5.11), and similarly the asymptotics of −F^+(α + iγ) is equal to (5.31) with a global minus sign and with y → y + iγ. This shift compensates the global minus sign, and therefore we have

F^+(α)^·= iεA ctg π^2 2γ e^{−ε πγ (y+iπ)} + (5.41) + 2 iγ +∞∑ n=0 (−1)^n e^{ε πγ (y+iπ)(2n+1)} ∫_{+∞} −∞ dx e^{−ε πγ x(2n+1)} Im ln [ 1 + e^{iZ(x+i0)} ] , −F^+(α + iγ)^·= iεA ctg π^2 2γ e^{−ε πγ y} + (5.42) + 2 iγ +∞∑ n=0 (−1)^n e^{ε πγ y(2n+1)} ∫_{+∞} −∞ dx e^{−ε πγ x(2n+1)} Im ln [ 1 + e^{iZ(x+i0)} ] . Which of these two expansions dominates in the asymptotics of the logarithm of the transfer matrix (5.33) is given by the comparison of the asymptotic values of their leading terms. Hence, lim Rey→−ε∞ Re [ iεA ctg π^2 2γ e^{−ε πγ y} − iεA ctg π^2 2γ e^{−ε πγ (y+iπ)} ] = +∞

implies that (5.42) dominates:

ln Λ(α)^·= −F^+(α + iγ) (5.43) ·= iεA ctg π^2 2γ e^{−ε πγ y} + 2 iγ +∞∑ n=0 (−1)^n e^{ε πγ y(2n+1)} × × ∫_{+∞} −∞ dx e^{−ε πγ x(2n+1)} Im ln [ 1 + e^{iZ(x+i0)} ] . In the domain 2, when Rey → −ε∞ the asymptotic expansion of F^+(α) is given by formula (5.32), whereas the asymptotic expansion of −F^+(α + iγ) is still given by relation (5.42). The leading terms of (5.42) and (5.32) satisfy the limit lim Rey→−ε∞ Re [ iεA ctg π^2 2γ e^{−ε πγ y} − iεA 1 sin^{π2}_{2γ} e^{−ε πγ} (^{y+i π2} ) ] = +∞ , therefore, when Rey → −ε∞, ln Λ(α)^·= − F^+(α + iγ), i.e. in domain 2 the expansion of the logarithm of the transfer matrix is still given by formula (5.43).

– 17 –

We now analyse domain 3. In this domain the asymptotic expansion of F^+(α) is given by expression (5.31), whereas the asymptotic expansion of −F^+(α + iγ) is given by minus expression (5.32) in which y is substituted by y + iγ − iπ. Hence, up to the leading term

F^+(α) ≃ iεA ctg π^2 2γ e^{−ε πγ y} (5.44)

and, on the other hand, −F^+(α + iγ) ≃ −iεA 1 sin^{π2}_{2γ} e^{−ε πγ} (^{y−i π2 +iγ}) . (5.45) Again, one can show that in the limit Rey → −ε∞ the leading term (5.44) is dominating: lim Rey→−ε∞ Re [ iεA ctg π^2 2γ e^{−ε πγ y} + iεA 1 sin^{π2}_{2γ} e^{−ε πγ} (^{y−i π2 +iγ}) ] = +∞ ;

therefore, when Rey → −ε∞, ln Λ(α)^·= F^+(α) (5.31) and, since (5.31) coincides with (5.42) and (5.43), the asymptotic expansion of ln Λ(α) in the domain 3 is still given by (5.43).

We are now left with domain 4. Again, the asymptotics of F^+(α) is given by expression (5.31), and, as a consequence, its leading term by (5.44). On the other hand, −F^+(α + iγ) is given by minus expression (5.31) in which y is substituted by y + iγ − iπ and, consequently, its leading term −F^+(α + iγ) ≃ −iεA ctg π^2 2γ e^{−ε πγ (y+iγ−iπ)} (5.46) is subdominant, i.e. lim Rey→−ε∞ Re [ iεA ctg π^2 2γ e^{−ε πγ y} + iεA ctg π^2 2γ e^{−ε πγ (y+iγ−iπ)} ] = +∞ . Therefore, when Rey → −ε∞, the asymptotic expansion of ln Λ(α) is still given by (5.43).

The validity of such a picture can be partially extended to the interval 1 2 < β^2 < 1 . (5.47)

Indeed, following the same procedure as in the semiclassical case, one can show that in the strip − 3 2 γ < Im y < γ 2 the asymptotic expansion of ln Λ(α) is given by (5.43); however, in the strip γ 2 − π < Im y < − 3 2 γ , which completes the iπ periodicity, the asymptotic development of ln Λ(α) does not follow in a simple way from (5.31) and (5.32). However, it is still possible to write such an expression, which is found to be different from (5.43).

– 18 –

To summarise, we have shown that in the limit Rey → −ε∞ and in the domain π 2 β^2 −π < Im y <^π_2 β^2 the asymptotic expansion of the logarithm of the vacuum eigenvalue of the transfer matrix in the semiclassical domain 0 < β^2 < 1/2 is given by ln Λ(α)^·= − iεm e^{−ε πγ y} + 2 iπ +∞∑ n=0 (−1)^ne^{ε πγ y(2n+1)}c_{n+1}I_{2n+1} , (5.48)

where

m = −A ctg π^2 2γ , (5.49)

c_{n+1} = −

1 + ξ (n + 1)!

β^{2n+2}π^{3/2} 2 Γ ((n + 1/2) (1 + ξ)) Γ (1 + (n + 1/2) ξ)

[Γ(1 − β^2)]^{−(2n+1)(1+ξ)} , ξ ≡ β^2 1 − β^2

, (5.50) and I_{2n+1} = 1 c_{n+1} π γ ∫_{+∞} −∞ dx e^{−ε πγ x(2n+1)} Im ln [ 1 + e^{iZ(x+i0)} ] . (5.51)

Of course, the asymptotic behaviour of ln Λ(α) in all the complex plane follows from (5.48) and the periodicity property (5.11). Moreover, relation (5.48) is still valid in the domain 1/2 < β^2 < 1, provided we restrict it to the strip −^3_2 γ < Im y <^γ_2 . Without this restriction, we would have that the expansion is governed also by the dual non-local charges, appearing in the second series of (5.32).

In the next subsection we are going to prove that the local integrals of motion I_{2n+1} in (5.48) are also normalised by the c_n as usually in Conformal Field Theories. For the entire interval 0 < β^2 < 1 they are given by the asymptotic expansion (5.31) of F^+(α). The case n = 0 I_1 = 1 c_1 π γ ∫_{+∞} −∞ dx e^{−ε πγ x} Im ln [ 1 + e^{iZ(x+i0)} ]

can be evaluated using the derivative lemma [3, 5], but an explicit formula for the cases n ≥ 1 is still missing.

Moreover, we want to stress that, when ε = −1, formulæ (5.48)–(5.51) coincide with Conjecture (2.21) of [2] for the regime 0 < β^2 < 1/2. In fact, the two asymptotic expansions for ln Λ(α) and their domains of validity are the same if we compare the quantum Lax operator (2.8) and the classical one in [8] to obtain the connecting λ^2 = e^{2α} = e^{2y+iγ} , and if we notice that (5.49) reproduces formula [2, (4.15)],

m = 2 √ π Γ (_{1−2β2} 2−2β^2 ) Γ (_{2−3β2} 2−2β^2

) Γ(1 − β^2)^{11−β2} , (5.52)

after choosing A as in remark 4. On the other hand, we have found two different asymptotic expansions for F^+(α), i.e. formula (5.31), valid for −γ/2 < Im y < γ/2, which coincides with (4.14) of [2], and formula (5.32), valid for γ/2 − π < Im y < −γ/2.

– 19 –

5.2 Limit ω̃ → +∞

This limit linearises equation (3.30) into an inhomogeneous integral Wiener-Hopf equation of second kind (which is solvable using standard Fourier transform techniques). In fact, after introducing new normalisations θ = π γ x , Z̃(θ) = Z ( γ π θ ) , G̃(θ) = γ π G ( γ π θ ) , (5.53)

equation (3.30) reads Z̃(θ) = −Aεe^{−εθ} + 2 ∫_{+∞} −∞ dθ^′ G̃(θ − θ^′) Im ln [ 1 + e^{iZ̃(θ′+i0)} ] + εω̃ . (5.54)

Let us confine ourselves to the case ε = −1 (the case ε = 1 can be treated along the same lines). We will show in the following that equation (5.54) is properly valid in the range 0 ≤ ω̃ < π/2β^2 — although the results of section 3 hold for all ω̃ ≥ 0 thanks to their analyticity. Therefore, we calculate the exact solution of (5.54) in the limit ω̃ → +∞, meaning by that the analytic continuation of the solution valid in 0 ≤ ω̃ < π/2β^2. Although the periodic solution do exist, we prove that the analytic solution is not periodic, for we need to modify the (5.54) itself by imposing analytic continuation. Indeed, its derivation is based on the assumption that the only points θ^{(r)} on the real axis for which e^{iZ̃(θ(r))} = −1 are the Bethe roots and this is true only if 0 ≤ ω̃ < π/2β^2: in this case, the holes θ^{(h)}, such that e^{iZ̃(θ(h))} = −1 and do not satisfy the Bethe equations (2.9), all lie on the axis Im θ^{(h)} = π. We see this because these holes are also the zeroes of the transfer matrix (5.30) and we also understand that when ω̃ increases from 0 to π/2β^2 the real part of the first hole from left decreases; at ω̃ = π/2β^2, the real part of that hole reaches −∞: lim Re θ→−∞ Λ(θ + i0) = 0 ⇒ e^{iβ2ω̃} + e^{−iβ2ω̃} = 0 ; (5.55)

then for ω̃ > π/2β^2 this hole jumps onto the real axis and migrates to the right.^2 We have borrowed our reasoning from a slightly different context [29]. Nevertheless we can go further in our analysis. Indeed, it is known that the presence of holes on the real axis for ω̃ > π/2β^2 implies that the integral term of (5.54) — which should count only contributions coming from the poles of Im ln [ 1 + e^{iZ̃(θ′+i0)} ] corresponding to Bethe roots - in fact receives contribution also from the holes on the real axis. Therefore, in the presence of N_h holes on the real axis at the positions θ_1, . . . , θ_{Nh} , we need to subtract the holes contribution as follows [6, 28]:

Z̃(θ) = Ae^θ + 2 ∫_{+∞} −∞ dθ^′ G̃(θ − θ^′) Im ln [ 1 + e^{iZ̃(θ′+i0)} ] − ω̃ − i N_h∑

h=1 ln S(θ − θ_h) . (5.56)

2We are really indebted to R. Tateo who has suggested us the possibility of the presence of holes on the real axis, although our treatment would not change if the holes were not present. Yet their real presence is conceptually important.

– 20 –

In (5.56) we have introduced the sine-Gordon soliton-soliton scattering amplitude S(θ), whose explicit expression is

S(θ) = exp i 2 ∫_{+∞} −∞ dk sin kθ k sinh (_{kπ2} 2γ − kπ ) cosh^{kπ}_2 sinh (_{kπ2} 2γ −^{kπ}_2 ) , (5.57)

and whose connection with G̃(θ) is G̃(θ) = − i 2π d dθ ln S(θ) . Likewise, in the presence of holes the quantity F^+(θ) (5.20), (5.24) is modified into

F^{+(h)}(θ) = F^+(θ) + 2i N_h∑

h=1 arctan e^{(θh−θ)} , θ = π γ y . (5.58)

As a result we can find the exact values of ω̃ at which one additional hole migrates onto the real axis. Indeed, the condition lim Re θ→−∞ Λ^{(h)}(θ + i0) = 0 ,

applied to the expression of the vacuum eigenvalue of the transfer matrix in the presence of holes on the real axis,

Λ^{(h)}(θ) = exp[F^{+(h)}(θ)] + exp[−F^{+(h)}(θ + iπ)] , (5.59)

is still equivalent to e^{iβ2ω̃} + e^{−iβ2ω̃} = 0 , because in the limit Re θ → −∞ the added sum in (5.58) produces in (5.59) an overall factor e^{iπNh} . Therefore, we conclude that when ( n +^1_2 )_π β^2 < ω̃ < ( n +^3_2 )_π β^2 we have that

n + 1 holes are moving right on the real axis.

We are now going to write the nonlinear integral equation (5.56) and the eigenvalues (5.59) in an alternative form which is suitable for the study of the limit ω̃ → +∞: the integration path can be shifted in order to avoid contributions from the incoming holes. In this respect, we make the hypothesis that there is a separator s(ω̃) on the real axis such that for all the Bethe roots θ^{(r)} and for all the holes on the real axis θ^{(h)}

θ^{(h)} ≤ s(ω̃) ≤ θ^{(r)} . (5.60)

Under this hypothesis we can move down the integration path (−∞ + i0, s(ω̃) + i0) in

I(θ) = 2 ∫_{+∞} −∞ dθ^′G̃(θ − θ^′) Im ln [ 1 + e^{iZ̃(θ′+i0)} ] , (5.61)

of (5.54), in absence of holes (0 ≤ ω̃ < π/2β^2), in such a way that, when the holes reach the real axis, they will never cross the integration path: I(θ) = −i ∫_{s(ω̃)} −∞ dθ^′G̃(θ − θ^′) ln [ 1 + e^{iZ̃(θ′−i0)} ] − (5.62) − i ∫_{+∞} s(ω̃) dθ^′G̃(θ − θ^′) ln [ 1 + e^{iZ̃(θ′+i0)} ] + i ∫_{+∞} −∞ dθ^′G̃(θ − θ^′) ln [ 1 + e^{−iZ̃(θ′−i0)} ] .

– 21 –

This modified expression contains only contributions from the Bethe roots and holds by construction for any ω̃. Clearly, when 0 ≤ ω̃ < π/2β^2 it coincides with (5.61). Algebraic manipulations allow us to rewrite (5.62) in the compact form I(θ) = ∫_{s(ω̃)} −∞ dθ^′G̃(θ − θ^′)Z̃(θ^′) + 2 ∫_{+∞} s(ω̃) dθ^′G̃(θ − θ^′) Im ln [ 1 + e^{iZ̃(θ′+i0)} ] , (5.63)

where the first integral contains Z̃(θ^′) thanks to the absence of holes and roots. Eventually, using relation (5.63) we are able to extend analytically the equation (5.54) ∀ ω̃ ≥ 0: Z̃(θ) = Ae^θ − ω̃ + ∫_{s(ω̃)} −∞ dθ^′ G̃(θ − θ^′)Z̃(θ^′) + + 2 ∫_{+∞} s(ω̃) dθ^′ G̃(θ − θ^′) Im ln [ 1 + e^{iZ̃(θ′+i0)} ] . (5.64)

This form is very suitable for the study of the limit ω̃ → +∞ because all the nonlinearity is confined in the last term. In fact, the last term can be neglected in the limit ω̃ → +∞, for it can be approximated replacing Z̃(θ) with Ae^θ − ω̃: I^{nl}(θ) ≃ 2 ∫_{+∞} s(ω̃) dθ^′ G̃(θ − θ^′) Im ln [ 1 + e^{i(Ae(θ′+i0)−ω̃)} ] . (5.65)

After a simple change of variable we have I^{nl}(θ) ≃ 2 ∫_{+∞} −ω̃+Ae^{s(ω̃)} dt G̃ (θ − ln^{t+ω̃}_A ) t + ω̃ Im ln [ 1 + e^{it(1+i0)} ] . (5.66)

Now, for θ < θ^′ the integral (3.31) furnishes us an asymptotic expansion (θ − θ^′ → −∞) on residues G̃(θ − θ^′) = ∑ i c_ie^{ai(θ−θ′)} , a_i > 0 . Using this expansion we easily argue that we can neglect the last term of (5.64) in the limit ω̃ → +∞ provided for instance the inferior integration limit of (5.66)

−ω̃ + Ae^{s(ω̃)} → +∞ , as ω̃ → +∞ . (5.67)

This is realised by the asymptotic behaviour - A can be always chosen > 1 -

ω̃ → +∞ , s(ω̃) ≃ ln ω̃ , (5.68)

which will be proved a posteriori — with the existence proof of a separator - using the explicit solution.

In conclusion, we can approximate in the limit ω̃ → +∞ equation (5.64) with a linear equation of Wiener-Hopf type, Z̃(θ) = Ae^θ − ω̃ + ∫_{s(ω̃)} −∞ dθ^′ G̃(θ − θ^′)Z̃(θ^′) . (5.69)

– 22 –

We can solve this equation with the usual factorisation technique [30] finding the Fourier transform of Z̃_−(θ) ≡ { Z̃(θ) if θ < s(ω̃) 0 otherwise

, (5.70)

obviously defined as Ẑ_−(k) = ∫_{s(ω̃)} −∞ dθe^{−ikθ}Z̃(θ) . (5.71) This integral is well defined when Im k > 0 because, when θ → −∞, Z̃(θ) goes to a non-zero constant.

With the choice of A as in remark 4 the solution of (5.69) can be expressed by Ẑ_−(k) = −2iπ 3 2 k ( β^2ω̃ 2π )_{1−ik} Γ ( 1 − ik^{1+ξ}_2 ) Γ (_3 2 −^{ik}_2 ) Γ ( 1 − ik^ξ_2 ) Γ (_ξ 2 ) Γ (_1 2 −^ξ_2 ) √ πM −ik . (5.72)

Inserting in (5.72) the expression of M (3.32), we simplify the solution: Ẑ_−(k) = − i π^{ik+} 1 2 2^{ik} kβ^{2ik−2} ω̃^{ik−1} Γ ( 1 − ik^{1+ξ}_2 ) Γ (_3 2 −^{ik}_2 ) Γ ( 1 − ik^ξ_2

) [Γ(1 − β^2)]^{ik(1+ξ)} . (5.73)

We remark that it is now possible to verify a posteriori the existence of a separator and assumption (5.68). Indeed the evaluation of the Fourier antitransform of (5.73),

Z̃_−(θ) = ∫_{+∞+iτ} −∞+iτ dk 2π e^{ikθ}Ẑ_−(k) , τ > 0 , (5.74)

can be approximately performed, in the limit ω̃ → +∞, applying the residues technique after closing the contour of integration in the lower k-complex half-plane. The leading contributions come from the poles at k = 0 and at k = −2i/(1 + ξ):

Z̃_−(θ) ≃ −2β^2ω̃ + 2π^{3/2} Γ(1 − β^2) Γ (_1 2 + β^2 ) ( β^2ω̃ 2π )_{2β}2_{−1}

e^{2(1−β2 )θ} . (5.75)

Now the condition Z̃_−(θ) = (2n+1)π identifies the holes, which happen to appear at values of θ θ_n ≃ 1 2 − 2β^2 ln [ Γ (_1 2 + β^2 ) 2π^{3/2}Γ(1 − β^2) ( β^2ω̃ 2π )_{1−2β}2 (2nπ + π + 2β^2ω̃) ] . Hence, it follows that, when ω̃ → +∞, all these holes go like:

θ_n ≃ ln ω̃ . (5.76)

Therefore property (5.68) holds for the separator s(ω̃).

We now want to consider the vacuum eigenvalues of the transfer matrix and in particular the conserved charges defined by (5.51), eventually finding the exact form (5.50) for the normalisation coefficients c_{n+1}. Formula (5.51) reads

c_{n+1}I_{2n+1} = ∫_{+∞} −∞ dθ e^{θ(2n+1)} Im ln [ 1 + e^{iZ̃(θ+i0)} ] ,

– 23 – and it is valid when 0 ≤ ω̃ < π/2β^2. With the described procedure, we can write the expression valid also for ω̃ > π/2β^2, i.e. when holes are present on the real axis:

c_{n+1}I_{2n+1} = 1 2 ∫_{s(ω̃)} −∞ dθe^{(2n+1)θ}Z̃(θ) + ∫_{+∞} s(ω̃) dθ e^{(2n+1)θ} Im ln [ 1 + e^{iZ̃(θ+i0)} ] . (5.77)

As well as for the nonlinear integral equation, in the limit ω̃ → +∞ the second addendum in the r.h.s. of (5.77) is negligible, yielding

c_{n+1}I_{2n+1} ≃ 1 2 ∫_{s(ω̃)} −∞ dθe^{(2n+1)θ}Z̃(θ) , (5.78)

i.e. from (5.71) c_{n+1}I_{2n+1} ≃ 1 2 Ẑ_−(i(2n + 1)) . (5.79)

And finally (5.73) yields

c_{n+1}I_{2n+1} ≃ −

1 + ξ (n + 1)!

β^{4n+4} ω̃^{2n+2} π^{2n+ 1}2 2^{2n+3} Γ (( n +^1_2 ) (1 + ξ) ) Γ ( 1 + ( n +^1_2 ) ξ ) [Γ(1 − β^2)]^{−(2n+1)(1+ξ)} . (5.80)

On the other hand, local conserved charges of conformal field theories can be constructed in terms of Virasoro generators [18]. Their vacuum eigenvalues can be calculated for the first cases and we easily understand that they behave for large ω̃ as

I_{2n+1} ≃ ( βω̃ 2π )_{2n+2}

. (5.81)

The normalisation coefficients c_{n+1} of expansion (5.48) are independent on ω̃. Therefore, their exact value is obtained by inserting in (5.80) the expression (5.81) for I_{2n+1}. Therefore we obtain, in conclusion, the anticipated result (5.50).

5.3 The case β^2 = 1/2

When β^2 = 1/2 (free fermion point) the nonlinear integral equation (3.30) becomes trivial, because - as follows from definition (3.31) - G(x) = 0. Its solution is Z(x) = −Aεe^{−2εx} + ε2πω . (5.82) In this case it is possible to evaluate explicitly the eigenvalue of the transfer matrix. We fix the arbitrary constant A as in remark 4 (but we do not choose ε) and we first consider the case in which the spectral parameter α is in the region 1 (5.9):

0 < Im α < π 2 . Some care is necessary, for the bulk terms of formulæ (5.20) and (5.24) diverge logarithmically when β^2 = 1/2. The analytic regularisation is again very suitable and as shown for instance in [31] it is equivalent to a minimal renormalisation scheme: we define β^2 ≡ 1/2−η,

– 24 – and we will let η → 0, maintaining only the finite part.^3 Considering first F^+(α), we have from (5.20) F^+(α) = B^+(α) + C^+(α) , (5.83)

where the bulk divergent part reads

B^+(α) = [ π η + 2π(1 + ψ(1) − ln π) + 4πεα ] e^{−2εα} + o(η^0) , (5.84)

where ψ(1) = −C = −0.57721566490 . . . (C is Euler-Mascheroni constant) is the renormalisation constant depending on the regularisation scheme (for instance, if we had considered the dependence of the function (5.84) on y, we would have obtained a different constant). Instead, the regular finite size correction is given by

C^+(α) = i π ∫_{+∞} 0 dk e^{−2εα} k^2 − e^{−4εα} [ ln(1 + e^{2π2ie2i0k−2πiω}) − ln(1 + e^{−2π2ie−2i0k+2πiω}) ] . (5.85) We now go to the limit η → 0 using a minimal renormalisation scheme:

B^+(α) = [2π(1 + ψ(1) − ln π) + 4πεα] e^{−2εα} . (5.86)

On the contrary C^+(α) (5.85) is finite and can be explicitly calculated [26]:

C^+(α) = −ε ln Γ ( 1 2 + ω + επe^{−2εα} ) + ε ln Γ ( 1 2 + ω − επe^{−2εα} ) − − εiπω − [2π(1 − ln π) + 4πεα − iεπ^2]e^{−2εα} . (5.87) Therefore, gathering the previous two formulæ, we obtain, in the region 1 (5.9),

F^+(α) = B^+(α) + C^+(α) (5.88)

= −ε ln Γ ( 1 2 + ω + επe^{−2εα} ) + ε ln Γ ( 1 2 + ω − επe^{−2εα} ) + 2πψ(1)e^{−2εα} + + iπ^2εe^{−2εα} − εiπω . For what concerns F^−(α), it comes from the general relation (5.28). At β^2 = 1/2, when α varies in region 1, α − iπβ^2 varies exactly in region 2 (−π/2 < Im α < 0). Therefore, the value of F^−(α) is the finite part of the η → 0 limit of minus expression (5.24) in which α is shifted by −iπβ^2. Performing this limit as we did before for F^+, we obtain the renormalised values F^−(α) = B^−(α) + C^−(α) + 2εiπω , (5.89)

where B^−(α) = B^+(α) − 2π^2iεe^{−2εα} , (5.90) and C^−(α) = C^+(α) . (5.91)

3More in general, divergences of the bulk terms occur for β^2 = 1 − 1/2n, with n ≥ 1.

– 25 –

As a consequence,

F^−(α) = −ε ln Γ ( 1 2 + ω + επe^{−2εα} ) + ε ln Γ ( 1 2 + ω − επe^{−2εα} ) + +2πψ(1)e^{−2εα} − iπ^2εe^{−2εα} + εiπω . (5.92) Putting together the expressions for F^+ and F^−, we finally end up with the vacuum eigenvalue of the transfer matrix when 0 < Im α < π/2:

Λ(α) = exp[F^+(α)] + exp[F^−(α)] = 2 [ Γ (_1 2 + ω − επe^{−2εα} ) Γ (_1 2 + ω + επe^{−2εα} ) ]_ε e^{2πψ(1)e−2εα} cosh(iπ^2εe^{−2εα} − εiπω)

= 2πe^{2πψ(1)e−2εα} Γ (_1 2 + ω + πe^{−2εα} ) Γ (_1 2 − ω + πe^{−2εα} ). (5.93)

This gives the expression for the vacuum eigenvalue of our conformal transfer matrix at β^2 = 1/2 and in the region 1 (5.9) of the spectral parameter α; it is, of course, an entire function of λ^2 = e^{2α}.

In region 2 (5.10), i.e. −π/2 < Im α < 0, the calculations are carried on in a similar way. We only remark that the computation of F^+(α) is made starting from formula (5.24) and that, because of the relation (5.29)

F^−(α) = −F^+ (α + iγ) = −F^+ ( α + i π 2 + iπη ) , (5.94)

the evaluation of F^−(α) comes from formula (5.20). The final result is:

F^±(α) = −ε ln Γ ( 1 2 + ω + επe^{−2εα} ) + ε ln Γ ( 1 2 + ω − επe^{−2εα} ) + +2πψ(1)e^{−2εα} ± iπ^2εe^{−2εα} ∓ εiπω . (5.95) These expressions coincide in form with (5.88), (5.92), therefore expression (5.88) for F^+(α) and expression (5.92) for F^−(α) are valid in all the strip −π/2 < Im α < π/2. Since F^±(α) are periodic with period iπ (5.11) and since (5.88, 5.92) show the same periodicity, we conclude that in all the complex plane the expressions of F^+(α) and F^−(α) at β^2 = 1/2 are given respectively by (5.88) and (5.92). It follows that the vacuum eigenvalue of the transfer matrix in all the complex plane at β^2 = 1/2 is given by expression (5.93).

In the case ε = −1 expression (5.93) becomes

Λ(α) = 2πe^{2πψ(1)e2α} Γ (_1 2 + ω + πe^{2α} ) Γ (_1 2 − ω + πe^{2α} ), (5.96)

which means that, after the usual identifications λ^2 = e^{2α} and (remark 4) ω = 2p, Λ(α) coincides with the expression for the transfer matrix at β^2 = 1/2 given in [2, formula (4.32)].

Expression (5.93) satisfies a peculiar functional equation, which identifies as its solutions all the transfer matrix eigenvalues (at the free fermion point), once we assume the

– 26 – solution to be entire. This functional equation is nothing but the renormalised version of the T -Q relation which holds for 0 < β^2 < 1/2 [13, 2]. Indeed, we can decompose Λ^±(α) in the following form exp[F^±(α)] = exp(±iπ^2εe^{−2εα} ∓ εiπω) Q ( α +^{iπ}_2 ) Q(α) , (5.97)

where we have defined Q(α) ≡ [ Γ ( 1/2 + ω + πεe^{−2εα} ) Γ (1/2 + ω) ]_ε exp[−πψ(1)e^{−2εα}] . (5.98)

Since Q ( α −^{iπ}_2 ) Q(α) = Q ( α +^{iπ}_2 ) Q(α) , expression (5.93) can be written as follows Q(α)Λ(α) = exp(iπ^2εe^{−2εα} − εiπω)Q ( α + iπ 2 ) + exp(−iπ^2εe^{−2εα} + εiπω)Q ( α − iπ 2 ) . (5.99) Therefore, assuming that our model at ε = −1 is a lattice regularisation of the continuous theory in [2], we have proved the functional [2, equation (4.27)]. This equation has been proved there as exact at first order in perturbation theory and then used to derive (5.96).

Finally, we present the calculation, at the free fermion point, of the local integrals of motion. We can specialize formula (5.48) — with A chosen as in remark 4 — or, alternatively, expand asymptotically the logarithm of (5.93), taking into account relations (5.48), (5.50), (5.51):

ln Λ(α) = [2π(1 + ψ(1) − ln π) + 4πεα] e^{−2εα} − 2ε π ∞∑ n=0 e^{2εα(2n+1)}c_{n+1}I_{2n+1} , (5.100)

where c_{n+1} = −

2^n π^{2n} 1 (n + 1)(2n + 1)

(5.101) and I_{2n+1} = −ε 1 2^{n+1}

B_{2n+2} ( 1 2 + ω ) , (5.102)

where B_{2m}(x), m = 1, 2, . . ., are the Bernoulli polynomials [26]. The previous formula (5.102) has been already found using the free fermion basis in [32].

6. Summary and conclusions

In the whole interval 0 < β^2 < 1, we have determined the nonlinear integral equation for the ω̃-vacuum states of the left and right (m)KdV models, whose discretisations are dynamically twisted spin −1/2 XXZ chains. The mapping β^2 → 1 − β^2 connects the (m)KdV nonlinear integral equation with the nonlinear integral equation coming from the

– 27 – twisted spin +1/2 XXZ chain. We have identified conformal primary states in those vacua and the treatment of excitations — as well as off-critical behaviour — can be derived along the lines of [6]. We have given an expression for the eigenvalues of the transfer matrix in terms of solutions of the nonlinear integral equation in the whole interval 0 < β^2 < 1, and we have found a rich analytic structure, which in particular implies different asymptotic expansions. From the latter the expressions of the local integrals of motion shared with KdV theory have been extracted. At the free fermion point the aforementioned eigenvalues are evaluated exactly, again in agreement with [2]. Therefore, we have been naturally led to conclude that our model furnishes an effective framework for calculating interesting quantities of both quantum KdV theory and Conformal Field Theories. Moreover, the exact values of the transfer matrix eigenvalues may be useful in PT - symmetric Quantum Mechanics applications, for they have been proved to be spectral determinants in [16]. In this respect, the exact solution of the theory given in the limit of infinite twist (ω̃ → +∞) may be of particular interest in many applications and developments. Finally, we would like to highlight that the second paper will concern the off-critical theory approach proposed in [8] within this framework, showing the generality of the methodology.

Acknowledgments

We thank P. Dorey and R. Tateo for comments and interest in this work. D.F. thanks EPRSC (grant GR/M66370) and Leverhulme Trust (grant F/00224/G). M.R. thanks EPRSC for the grant GR/M97497 and the Department of Mathematical Sciences of Durham for warm hospitality. This work has been also supported by EC FP5 Network, contract number HPRN-CT-2002-00325.

References

[1] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Integrable structure of conformal field theory, quantum KdV theory and thermodynamic Bethe ansatz, Commun. Math. Phys. 177 (1996) 381 [hep-th/9412229].

[2] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Integrable structure of conformal field theory, 2. Q operator and DDV equation, Commun. Math. Phys. 190 (1997) 247 [hep-th/9604044].

[3] C. Destri and H.J. de Vega, New thermodynamic Bethe ansatz equations without strings, Phys. Rev. Lett. 69 (1992) 2313.

[4] A. Klümper and P.A. Pearce, Analytic calculation of scaling dimensions: tricritical hard squares and critical hard hexagons, J. Stat. Phys. 64 (1991) 13;

A. Klümper, M. Batchelor, P.A. Pearce, Central charges of the 6- and 19-vertex models with twisted boundary conditions, J. Phys. A 24 (1991) 3111.

[5] C. Destri and H.J. De Vega, Unified approach to thermodynamic bethe ansatz and finite size corrections for lattice models and field theories, Nucl. Phys. B 438 (1995) 413 [hep-th/9407117];

A.B. Zamolodchikov, Thermodynamics of imaginary coupled Sine-Gordon: dense polymer finite size scaling function, Phys. Lett. B 335 (1994) 436.

– 28 –

[6] D. Fioravanti, A. Mariottini, E. Quattrini and F. Ravanini, Excited state Destri-de Vega equation for Sine-Gordon and restricted Sine-Gordon models, Phys. Lett. B 390 (1997) 243 [hep-th/9608091].

[7] F. Ravanini, Finite size effects in integrable quantum field theories, in Non-perturbative QFT methods and their applications, pp. 199–264, Budapest 2000.

[8] D. Fioravanti and M. Rossi, From the braided to the usual Yang-Baxter relation, J. Phys. A 34 (2001) L567 [hep-th/0107050]; A braided Yang-Baxter algebra in a theory of two coupled lattice quantum KdV: algebraic properties and ABA representations, J. Phys. A 35 (2002) 3647 [hep-th/0104002].

[9] A. Kundu, Exact Bethe ansatz solution of nonultralocal quantum mKdV model, Mod. Phys.

Lett. A 10 (1995) 2955 [hep-th/9510131].

[10] L. Hlavaty, Quantum braided groups, J. Math. Phys. 35 (1994) 2560 [hep-th/9210152];

L. Hlavaty and A. Kundu, Quantum integrability of nonultralocal models through baxterization of quantized braided algebra, Int. J. Mod. Phys. A 11 (1996) 2143 [hep-th/9406215].

[11] L.D. Faddeev and O. Tirkkonen, Connections of the Liouville model and XXZ spin chain, Nucl. Phys. B 453 (1995) 647 [hep-th/9506023].

[12] A.Y. Volkov, Quantum lattice KdV equation, Lett. Math. Phys. 39 (1997) 313 [hep-th/9509024].

[13] R.J. Baxter, Partition function of the eight vertex lattice model, Ann. Phys. (NY) 70 (1972) 193.

[14] L.D. Faddeev and A.Y. Volkov, Algebraic quantization of integrable models in discrete space-time, hep-th/9710039.

[15] C. Bender, S. Böttcher and P. Meisinger, PT-symmetric quantum mechanics, J. Math. Phys.

40 (1999) 2201 [quant-ph/9809072].

[16] P. Dorey and R. Tateo, On the relation between stokes multipliers and the T-Q systems of conformal field theory, Nucl. Phys. B 563 (1999) 573 [hep-th/9906219]; V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, On nonequilibrium states in QFT model with boundary interaction, Nucl. Phys. B 549 (1999) 529 [hep-th/9812091]; Spectral determinants for Schrodinger equation and Q operators of conformal field theory, J. Stat. Phys. 102 (2001) 567 [hep-th/9812247].

[17] R. Sasaki and I. Yamanaka, Virasoro algebra, vertex operators, quantum Sine-Gordon and solvable Quantum Field Theories, Adv. Stud. Pure Math. 16 (1988) 271.

[18] B. Feigin and E. Frenkel, Free field resolutions in affine toda field theories, Phys. Lett. B 276 (1992) 79; Integrals of motion and quantum groups, Lect. Notes in Math. 1620 Springer Verlag, Berlin 1995.

[19] D. Fioravanti, F. Ravanini and M. Stanishkov, Generalized KdV and quantum inverse scattering description of conformal minimal models, Phys. Lett. B 367 (1996) 113 [hep-th/9510047].

[20] D. Fioravanti and M. Stanishkov, On the null-vectors in the spectra of the 2d integrable hierarchies, Phys. Lett. B 430 (1998) 109 [hep-th/9806090]; Hidden virasoro symmetry of (soliton solutions of) the Sine Gordon theory, Nucl. Phys. B 591 (2000) 685 [hep-th/0005158].

– 29 –

[21] V.A. Fateev and S.L. Lukyanov, Poisson Lie groups and classical W algebras, Int. J. Mod.

Phys. A 7 (1992) 853; Vertex operators and representations of quantum universal enveloping algebras, Int. J. Mod. Phys. A 7 (1992) 1325.

[22] V.V. Bazhanov, A.N. Hibberd and S.M. Khoroshkin, Integrable structure of W_3 conformal field theory, quantum Boussinesq theory and boundary affine Toda theory, Nucl. Phys. B 622 (2002) 475 [hep-th/0105177].

[23] B.L. Feigin and D.B. Fuks, Lect. Notes in Math. 1060 Springer Verlag 1984;

V.S. Dotsenko and V.A. Fateev, Conformal algebra and multipoint correlation functions in 2d statistical models, Nucl. Phys. B 240 (1984) 312.

[24] N.M. Bogoliubov, On the physical sector of the lattice Sine-Gordon model, Theor. Math.

Phys. 51 (1982) 540.

[25] C. Destri and H.J. de Vega, Non-linear integral equation and excited-states scaling functions in the Sine-Gordon model, Nucl. Phys. B 504 (1997) 621 [hep-th/9701107].

[26] I.S. Gradshteyn and I.M. Ryzhik, Table of integrals, series and products, Fifth edition, Academic Press.

[27] H.W.J. Blöte, J.L. Cardy and M.P. Nightingale, Conformal invariance, the central charge and universal finite size amplitudes at criticality, Phys. Rev. Lett. 56 (1986) 742.

[28] A. Klümper, Thermodynamics of the anisotropic spin-1/2 Heisenberg chain and related quantum chains, Z. Phys. B91 (1993) 507;

A. Klümper, T. Wehner and J. Zittartz, Conformal spectrum of the six-vertex models, J. Phys. A 26 (1993) 2815.

[29] P. Dorey, C. Dunning and R. Tateo, Spectral equivalences, Bethe ansatz equations, and reality properties in PT-symmetric quantum mechanics, J. Phys. A 34 (2001) 5679 [hep-th/0103051].

[30] M.P. Morse and H. Feshbach, Methods of theoretical physics, McGraw-Hill Book Company, Inc., 1953.

[31] D. Fioravanti, G. Mussardo and P. Simon, Universal amplitude ratios of the renormalization group: two-dimensional tricritical Ising model, Phys. Rev. D 63 (2001) 016103 [cond-mat/0008216];

[32] R. Kedem, T.R. Klassen, B.M. McCoy and E. Melzer, Fermionic sum representations for conformal field theory characters, Phys. Lett. B 307 (1993) 68 [hep-th/9301046].

– 30 –